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Abstract
We study the constraints imposed by the requirement of Asymp-
totic Safety on a class of inflationary models with an inflaton field
non-minimally coupled to the Ricci scalar. The critical surface in the
space of theories is determined by the improved renormalization group
flow which takes into account quantum corrections beyond the one loop
approximation. The combination of constraints deriving from Planck
observations and those from theory puts severe bounds on the values of
the parameters of the model and predicts a quite large tensor to scalar
ratio. We finally comment on the dependence of the results on the
definition of the infrared energy scale which parametrises the running
on the critical surface.
1 Introduction
Scalar-Tensor (ST) theories of gravitation have attracted much attention in
recent years. Such theories naturally emerge from various attempts of quan-
tising gravity and may thus play a major role in the description of the early
Universe. In Scalar-Tensor theories the propagation of the scalar degree of
freedom affects the value of the Newton’s constant, possibly leading to ob-
servable deviations from Standard General Relativity (GR) predictions which
could then be measurable through Solar System observations. Inflation [1]
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in the context of Scalar-Tensor theories has been intensively studied. It has
been shown that the spectra of cosmological perturbations generated during
inflation [2] are frame independent i.e. they can be calculated either in the
defining frame, dubbed Jordan frame (JF), or in the conformally related Ein-
stein frame (EF). While it is widely accepted that the equivalence holds at
the classical level (at least in the absence of ordinary matter), at the quan-
tum level it is not [3].
Non-minimally coupled theories are particular Scalar-Tensor theories with
the scalar field having a canonical kinetic term and a non-minimal coupling
with the gravitational sector (in particular with the Ricci scalar). Such a cou-
pling is always generated by the quantum corrections to the scalar field itself
[4] and it is thus worth considering how it effects the dynamics of standard
GR at planckian energies. Since the Higgs boson discovery [5] the scenario of
inflation consisting of a non-minimally coupled Higgs field, the first elemen-
tary scalar particle observed so far, has been suggested and investigated in
detail [6]. Non-minimal Higgs inflation successfully generates the observed
spectra of primordial perturbations and is compatible with the Standard
Model constraints at much lower energy. It takes place in the so-called in-
duced gravity (IG) regime (where the Planck mass is negligible w.r.t. the
non-minimal coupling term) and it is driven by the quartic self interaction of
the Higgs field. In such a regime, the Higgs potential gives a slow rolling (SR)
evolution and a quasi de Sitter phase. The observational constraints coming
from the amplitude of scalar perturbations combined with those on the self-
coupling derived from the measured Higgs mass require a very large value for
the non-minimal coupling. From the phenomenological point of view, Higgs
inflation (and its variants such as the Starobinsky model which can be ob-
tained by simply redefining the dynamical degrees of freedom) is among the
inflationary models most compatible with latest Planck data [7]. However
the stability of the Higgs potential with respect to quantum corrections has
been highly debated and such a problem (called the “eta problem”) needs to
be overcome in general for a satisfactory inflationary model building.
General Relativity is the classical theory for the description of gravitational
interactions. Despite its success in describing the long distance interactions
GR must be considered as an effective theory when quantum effects asso-
ciated with the gravitational field are taken into account. As a quantum
theory GR is perturbatively non-renormalizable, namely the UV divergences
generated at all orders in perturbation theory need, in principle, an infinite
number of counter-terms and of measurements to fix the free parameters of
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the theory. This is not a problem if GR is treated as an effective descrip-
tion of gravity at energy well below the Planck scale. At these energies the
counter-terms are suppressed by inverse powers of the Planck mass and their
effect can be neglected. However, at planckian energies, the quantum correc-
tions becomes important and the framework loses predictivity. Because of
this, at least in the description of the very early universe, a consistent theory
of quantum gravity is needed.
In the last years the Asymptotic Safety (AS) programme has been applied
to the gravitational sector (also in the presence of matter fields) in order to
overcome the problems mentioned above and provide a complete and consis-
tent description of gravity at planckian energies [8]. The possible existence
of a non trivial (interacting) UV fixed point for the gravity-matter system
solves the problem related to the lack of predictivity mentioned above. If
a fixed point exists it defines the so-called critical surface, a finite dimen-
sional hyper-surface embedded in the space of theories whose points evolve
into the fixed point in the UV. Given the hypothesis that the critical surface
must contain the quantum theory which describes our universe, then this
latter theory is complete in the UV by construction, in the sense that its
high energy behaviour is controlled by the fixed point and a finite number of
observables (equal to the dimension of the critical surface) are sufficient to
specify the UV description of nature.
On a less rigorous ground compared to its original formulation based on the
Wilson RG ideas, the AS programme has recently been intensively used for
cosmological model building by connecting the free parameters of the result-
ing models to the inflationary and the late time cosmology observables [9].
The UV completion of a set of Scalar-Tensor theories has been analysed in
the AS framework [10] and the non-trivial fixed points of a theory in d di-
mensions in the presence of N scalar fields with O(N) symmetry has been
studied. Close to the fixed point the RG flow generates the shape of the
potential of the scalar field and that of its coupling to gravity. For N = 1
the result is quite simple: the scalar field is non-minimally coupled to gravity
and its potential contains a cosmological constant, a mass term and quartic
self-interaction. These are the dynamical settings we shall investigate in this
paper.
The article is organised as follows. In Section 2 we review the relevant
equations governing the improved RG flow, their fixed points and the lin-
earised theory around one of these points. In Section 3 we discuss the for-
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malism for both the homogeneous sector (for two relevant potentials derived
from the RG flow) and the primordial perturbations. Let us note that all the
details of the derivation sketched in sections 2 and 3 can be found in the Ref.
[10]. We then derive the expressions for inflationary observables. In Section
4 we illustrate the general constraints on the space of parameters coming
from the CMB observations. In Section 5 we discuss the same models with
respect to the theoretical constraints imposed by the improved RG flow and
finally in Section 6 we draw the conclusions.
2 Improved RG formalism
We start from the general action for a ST theory with one scalar field φ
S =
∫
d4x
(
U(φ)R− 1
2
gµν∂µφ∂νφ− V (φ)
)
(1)
where U and V are generic functions of φ. These functions are subjected to a
RG flow parametrised by the cutoff k. The non-linear differential equations
which govern the flow are derived in Ref. [10] and can be conveniently written
in terms of the dimensionless quantities v ≡ V/k4, u ≡ U/k2 and ϕ ≡ φ/k as
v˙=−4v + ϕv′ + c4 9
2
+ c4
5 (u˙− ϕu′)
6u
+c4
6u+ (1+v′′) (u˙−3u− ϕu′)+3u′ (2u˙′+3u′−2ϕu′′)
6
[
3 (u′)2 + u (1 + v′′)
] (2)
u˙=−2u+ ϕu′ + c4 157
36
+ c4
5 (u˙− ϕu′)
9u
− c4
(
uu′′ + u′2
)×
×2u
2 + u′2 (ϕu′ − u˙) + 2uu′ (−ϕu′′ + 3u′ + u˙′)
u
[
3 (u′)2 + u (v′′ + 1)
]2
+c4
ϕu′ [6u′′ + (v′′ + 1)]− 6u′u˙′ + 4uv′′ − u˙ (v′′ + 1)
12
[
3 (u′)2 + u (v′′ + 1)
] (3)
where the prime denotes the derivative w.r.t. ϕ, the dot is the derivative
w.r.t. the RG time (τ ≡ log k) and c4 = 1/32pi2. Let us note that the
above equations are obtained by studying the exact flow equation for the
effective average action, first of all truncating the action in terms of local
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operators according to two functions. This choice corresponds to the so called
“derivative expansion of the effective action”. Within such an expansion the
wave function renormalisation and operators that are powers of curvatures
and derivatives thereof can be neglected as they contribute to NLO effects.
In particular the inclusion of these latter NLO contribution would introduce
several complications at practical (for example inflationary dynamics would
be driven by two scalar fields in the Einstein frame) and at more fundamental
level. This approach still corresponds to the choice of a truncation with an
infinite number of couplings. The derivation is based on the background
field method where an exponential parametrisation of the metric has been
adopted (see [10] for details) and a “type I”, spectrally adjusted, cutoff has
been introduced.
The equations (2), (3) admit 2 non trivial fixed points. The fixed point
solution FP1 does not depend on ϕ and is given by
uFP =
157
2304pi2
∼ 7 · 10−3, vFP = 5
128pi2
∼ 4 · 10−3. (4)
Let us note that the values (4) are small and of the same order of magni-
tude. Physically the bare theory at FP1 corresponds to GR plus a positive
cosmological constant.
A second fixed point solution with v constant and u proportional to ϕ2 can
be found and has the following form
uFP = − 41
420
ϕ2 ∼ −10−1 ϕ2, vFP = 3
128pi2
∼ 2 · 10−3. (5)
This latter fixed point solution has the “wrong” sign in front of the Ricci scalar
and therefore violates the stability condition of the ST theory [11]. We then
exclude it from the analysis which follows. Let us note that the adoption
of the “improved” RG flow equations instead of the one loop, unimproved,
ones reduces the number of fixed point solutions which can be found starting
from the simplest assumptions on their functional form. If one generalises the
above construction to the case of N > 1 scalar fields with O(N) symmetry
other “physically acceptable” fixed points appear.
2.1 Stability Analysis
The linearisation of the equations (2), (3) around FP1 gives important in-
formations about the stability of the fixed point, relevant and irrelevant di-
rections of the theory and the shape of a small patch of the critical surface
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around FP1. If one expands around FP1
u = uFP + δu, v = vFP + δv (6)
the equations (2), (3) take the following form
δ˙v=
5
32pi2
− 4vFP − 4δv +
˙δu
32pi2uFP
− ϕ δu
′
32pi2uFP
+ ϕ δv′ − δv
′′
32pi2
, (7)
˙δu=
157
1152pi2
− 2uFP − 2δu+ 17
˙δu
1152pi2uFP
+ ϕ δu′ − 17ϕ δu
′
1152pi2uFP
− δu
′′
32pi2
+
δv′′
96pi2
. (8)
The above linearised equations are a good approximation near the fixed point.
While the concept of “distance” in the space of theories would require a long
discussion, on observing the form of Eqs. (7) and (8) we argue that the linear
approximation works pretty well if |δv| and |δu|/uFP (and their derivatives)
are small enough. Let us note that the condition |δv|  1 is less restrictive
than |δu|/uFP  1 since vFP and uFP are much smaller than one. If they are
both satisfied we conclude that (u, v) is closed to the fixed point.
On solving Eqs. (7) and (8) one finds the following critical exponents with
the corresponding eigenvectors
θ1 = 4, (δv, δu)1 = (1, 0) (9)
θ2 =
314
123
,(δv, δu)2 =
(
−72
89
, 1
)
(10)
θ3 = 2, (δv, δu)3 =
(
ϕ2 − 29
544pi2
,
157
3264pi2
)
(11)
θ4 =
68
123
,(δv, δu)4 =
(
− 72
89
ϕ2 +
56913
3094352pi2
, ϕ2 − 17741
350304pi2
)
(12)
θ5 = 0, (δv, δu)5 =
(
ϕ4 − 87
272pi2
ϕ2 +
87
17408pi4
,
471
1632pi2
ϕ2 − 645
52224pi4
)
.(13)
We conclude that there are four relevant directions and one marginal direc-
tion. Close to FP1 the RG flow spans the critical surface implicitly defined
by
(v, u)(t) = (vFP, uFP) +
5∑
i=1
ci(δv, δu)ie
−θit ≡ (vFP + δvt, uFP + δut) (14)
where ci are arbitrary integration constants.
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3 Inflationary dynamics
The expression (14), given the form of the eigeinvectors (9-13), generates the
following functional dependence for V and U :
VRG = Λ +
m2
2
φ2 +
λ
4
φ4 (15)
and
URG =
M2 + ξφ
2
2
. (16)
where the coefficients Λ, m2, λ, M2 and ξ may be positive, negative or neg-
ligible. Since we are interested in viable inflationary models we shall restrict
our analysis to two particular choices of these parameters.
Let us note that, for realistic inflationary models, the scalar field poten-
tial must be non negative and negligible at the minimum of the potential
(V (φm) ' 0). Correspondingly one can either have a potential V1 with one
minimum and
Λ = 0, m2 > 0, λ > 0 (17)
with φm = 0 or a potential V2 with two minima for
Λ =
m22
4λ
, m2 < 0, λ > 0 (18)
with φm = ±
√−m2
λ
. In the former case the potential has a symmetric ground
state while in the latter the symmetry is spontaneously broken. We shall re-
fer to V1 as the symmetric case and to V2 as the symmetry breaking case.
Furthermore we restrict our analysis to the case ξ > 0 and M2 > 0 (hence-
forthM2 ≡ MP2). The overall sign of U must be positive. Given the freedom
of choosing the initial conditions for the inflaton field, negative values of ξ
and M2 may lead to a negative “effective” gravitational constant and gravi-
tons with a negative energy. The condition U > 0 is also known as the
stability condition for the ST theory.
If we restrict the analysis to the homogeneous dynamics and consider the
usual flat FRW metric
gµν = diag
(−1, a(t)2, a(t)2, a(t)2) (19)
we obtain the following Friedmann equation
3H2 =
1
MP
2 + ξφ2
(
1
2
φ˙2 + V − 6ξHφφ˙
)
, (20)
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with H ≡ a˙/a and the dot means the derivative w.r.t. cosmic time. The
Klein-Gordon equation can be cast in the following form
φ¨+ 3Hφ˙+
ξ (1 + 6ξ)φ2
MP
2 + ξ (1 + 6ξ)φ2
φ˙2
φ
+ Veff,φ = 0 (21)
where the effective potential is implicitly defined by
Veff,φ ≡
(
MP
2 + ξφ2
)
V,φ − 4ξ φV
MP
2 + ξ (1 + 6ξ)φ2
. (22)
The dynamics of the scale factor and that of the scalar field during the in-
flationary period can be conveniently described by the slow roll (SR) pa-
rameters. One may then introduce the Hubble flow functions hierarchy
0 ≡ H0/H, i+1 ≡ ˙iHi and the hierarchy related to the evolution of the
scalar field δ0 ≡ φ/φ0, δi+1 ≡ δ˙iHδi . These two hierarchies are related by the
equations of motion and, in particular, the second Friedmann equation is
1 =
1+4ξ
2ξ
δ21 + δ1 (δ2 − 1)
ρ+ (1 + δ1)
(23)
where
ρ ≡ MP
2
ξφ2
=
MP
2
ξφ20δ
2
0
. (24)
The value of ρ, compared with unity, discriminates between the regime with
a negligible coupling (ρ  1) and that with a dominant coupling (ρ  1).
In the former case the dynamics is very close to GR while in the latter it is
similar to IG.
It is convenient to introduce the dimensionless parameter
α ≡ λ
ξ
MP
2
m2
≥ 0 (25)
which will frequently appear in the calculations. The homogeneous dynam-
ics and that of the inhomogeneous part of the matter-gravity system can be
studied in terms of the three dimensionless quantities α, ξ and ρ. Let us fi-
nally note that, in the limit m2 → 0, the potentials V1 and V2 must coincide.
Such a limit can be expressed in terms of α and ξ as the combined limits
α→ −∞ and −αξ → +∞.
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3.1 Cosmological perturbations
The inflationary observables are related to the inhomogeneities generated
during inflation. The equations governing the dynamics of the cosmological
perturbations for general Scalar-Tensor theories have been studied in a series
of papers [2]. For the case (1) we are considering, the gauge invariant scalar
perturbation can be described, in the uniform curvature gauge, in terms of
the Sasaki-Mukhanov variable vs defined as
vs ≡ zsH
φ˙
δφ (26)
with
zs(t) ≡ aφ˙
H
√
Z and Z ≡
1 + 3U˙
2
φ˙2U(
1 + U˙
2HU
)2 . (27)
Such a variable satisfies the following, second order, differential equation
v′′s +
(
k2 − z
′′
s
zs
)
vs = 0 (28)
where henceforth the prime denotes a derivative w.r.t. the conformal time η
(a dη = dt) and
z′′s
zs
=
1
η2
(1− γ1 + γ2 − γ3 + γ4) (2 + γ2 − γ3 + γ4)
(1 + γ1)
2 . (29)
The hierarchy of γi’s in the above expression is defined as follows
γ1 ≡ H˙
H2
, γ2 ≡ φ¨
Hφ˙
, γ3 ≡ U˙
2HU
, γ4 ≡ E˙
2HE
(30)
and E ≡ 2U
(
1 + 3U˙
2
φ˙2U
)
. In particular, in the non-minimal coupling case, one
finds the following relations among the hierarchies i, δi and γi
γ1 = −1, γ2 = δ1 + δ2 − 1, γ3 = δ1
1 + ρ
, γ4 =
(1 + 6ξ) δ1
ρ+ 1 + 6ξ
. (31)
The scalar spectral index of the scalar perturbations can be obtained analyt-
ically to the first order in SR and is
ns − 1 = −2
(
1,∗ + δ1,∗ + δ2,∗ − δ1∗
1 + ρ∗
+
(1 + 6ξ) δ1∗
ρ∗ + 1 + 6ξ
)
(32)
9
where the subscript ∗ indicates that the quantity should be evaluated at the
time the pivot scale k∗ exits the horizon during inflation (about 60 e-folds
before inflation ends).
In the tensor sector each perturbation hi, with i = +,× describing the two
independent polarizations, may be conveniently described by the variable
vT ≡ zThi which satisfies the differential equation
v′′T +
(
k2 − z
′′
T
zT
)
vT = 0 (33)
where zT ≡ a
√
2U . To the second order in SR one finds the following expres-
sion for the spectral index for the tensor perturbations:
nt = −δ
2
1
ξ
ρ∗ + 1 + 6ξ
(ρ∗ + 1)
2 . (34)
The tensor to scalar ratio measures the abundance of primordial gravitational
waves generated during inflation and is given by
r ≡ PhPR = 8
ρ∗ + 1 + 6ξ
ξ (ρ∗ + 1)
2 δ
2
1,∗ = −8nt (35)
where R ≡ vs/zs and
PR ≡ k
3
2pi2
|R|2 , Ph ≡ 2k
3
pi2
(|h+|2 + |h×|2) . (36)
are the power spectra of the scalar and tensor perturbations respectively.
Finally one finds the following general expression for the amplitude of the
primordial scalar perturbations:
PR = H
2
∗
4pi2
1
φ2∗δ
2
1,∗
(ρ∗ + 1 + δ1∗)
2
(ρ∗ + 1) (ρ∗ + 1 + 6ξ)
' H
2
∗
4pi2
1
φ2∗δ
2
1,∗
ρ∗ + 1
ρ∗ + 1 + 6ξ
(37)
which has the observed value P(obs)R ' 2.4 · 10−9.
4 Comparison with observations
In this section we impose the constraints derived from the inflationary ob-
servables on the parameters of the models discussed so far. The analytic
10
prediction for the scalar spectral index and the tensor to scalar ratio are here
presented for particular limits only (the complete analysis of non-minimal
inflation with (15), (16) will be discussed in detail in a separate paper [12]).
For each model the numerical results are also illustrated in the correspond-
ing figures for particular choices of the parameters. A numerical treatment
is necessary in order to extend the analysis to the regions of the parameter
space which cannot be treated analytically.
Let us note that the non minimal coupling ξ plays a crucial role in the ho-
mogeneous dynamics of the inflaton field. In particular for ξ small enough
SR can always occur leading to viable inflation while, when ξ is large, the
same does not happen. In general for the potential V1 it is useful to distin-
guish among four possible regimes with inflation taking place in the IG or in
the GR phase with either the quadratic or the quartic part of the potential
dominating the dynamics of the scalar field. Four possibilities will be also
considered for the potential V2. In this case inflation may occur in the IG or
in the GR phase and in the large field (LF) or in the small field (SF) regime.
4.1 Symmetric case
In Figure (1) we plotted the numerical values of (ns, r) with N∗ = 60, for
different choices of α and letting ξ vary from 10−15 to 1015. The values
obtained are then compared with the observations from the latest Planck
mission. Let us note that all the trajectories exhibit a common behaviour.
When ξ → 0 they converge to the same point with coordinates
(ns, r) =
(
1− 2
N∗
,
8
N∗
)
, (38)
while in the opposite, ξ  1, limit r → 0.
The coordinates (38) can be found analytically for ξ  1 and αξ  1 and are
exactly as expected since inflation occurs in the GR phase with the quadratic
part of the potential dominating the dynamics. In GR, the large field models
with monomial potentials of the form
V = λMP
4
(
φ
MP
)n
(39)
give the following result
(ns, r) =
(
1− 2 n+ 2
4N∗ + n
,
16n
4N∗ + n
)
n=2−→
(
1− 2
N∗
,
8
N∗
)
(40)
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which is reproduced by (38).
For ξ  1 but αξ  1 inflation occurs in the GR regime with the quartic
part of the potential dominating and one correctly finds
(ns, r) =
(
1− 3
N∗
,
16
N∗
)
. (41)
This last point is outside the 95% confidence level region in the (ns, r) plane
of the Fig. (1) and the trajectories obtained on varying ξ and with α  1
pass close to it.
In the limit for ξ  1 and α 1
(ns, r) =
(
−5
3
, 0
)
(42)
which is far from being compatible with observations (see Figure (1) and the
trajectory with α = 10−2).
Finally when ξ  1 and α 1
(ns, r) '
(
1− 2
N∗
,
12
N2∗
)
(43)
i.e. one recovers the predictions of pure IG with a Landau-Ginzburg potential
and a large coupling ξ, namely those of Higgs inflation.
Let us note that the two limits for ξ large and small and a finite α are
consistent with the following qualitative estimate: since α = λMP2/ (ξm2) in
order to keep α finite in the limit ξ → 0 (when one recovers GR) one needs
either λ  1 or m2/MP2  1, namely the quadratic part of the potential
dominates and one has chaotic inflation. On the other hand, for ξ  1 the
IG part dominates and in order to keep α finite one needs either λ  1 or
m2/MP
2  1 namely the quartic part of the potential is dominant.
The observed amplitude of the scalar perturbations constrains, through (37),
the m2/MP2 ratio which take the following specific form
m2
MP
2 = 48pi
2P(obs)R
δ21,∗ (ρ∗ + 1 + 6ξ)
α
(
1 + 2ρ∗
α
) . (44)
12
0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00
0.0
0.1
0.2
0.3
0.4
ns
r
↵ = 104
↵ = 10
↵ = 1
↵ = 10 2
(38)
(41)
(43)
Figure 1: In this Figure we plotted the numerical predictions for ns and r
for the symmetric case. The four trajectories in each plot are obtained on
varying ξ and for α = 10−2 (solid line), α = 1 (dashed line), α = 10 (dotted
line) and α = 104 (dot-dashed line). The contours in the (ns, r) plane are
the boundaries for the 68% and 95% confidence level regions obtained from
Planck 2015 TT+Low P data. The grey triangles represent the points (38),
(41) and (43) for N∗ = 60.
4.2 Symmetry breaking case - Large Field
In Figure (2) the theoretical predictions for (ns, r) are compared with obser-
vations for N∗ = 60, different values of α and on letting ξ vary for 10−15 to
1015. The trajectories exhibit a similar behaviour and, in contrast with the
symmetric case, converge to the same two points in the limits ξ → 0 and
ξ → +∞.
Analytically for ξ → 0 one finds the same limit as obtained for the symmetric
case (38). In the opposite limit, when ξ →∞, we obtain the result (43).
Finally, when ξ  1 and −αξ  1, the trajectories pass close to (41)
One can finally constrain the ratio −m2/MP2 through (37) which now has
the following form
m2
MP
2 = 48pi
2P(obs)R
δ21,∗ (ρ∗ + 1 + 6ξ)
α
(
1 + ρ∗
α
)2 . (45)
13
0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00
0.0
0.1
0.2
0.3
0.4
ns
r
↵ =  10 2
↵ =  1
↵ =  10
↵ =  104
(38)
(41)
(43)
Figure 2: In this Figure we plotted the numerical predictions for ns and r
for the symmetry breaking (LF) case. The four trajectories in each plot are
obtained on varying ξ and for α = −10−2 (solid line), α = −1 (dashed line),
α = −10 (dotted line) and α = −104 (dot-dashed line). The contours in the
(ns, r) plane are the boundaries for the 68% and 95% confidence level regions
obtained from Planck 2015 TT+Low P data. The grey triangles represent
the points (38), (41) and (43) for N∗ = 60.
4.3 Symmetry breaking case - Small Field
In this last case we only discuss the ξ  1 limit. Away from this limit the
SR conditions do not hold. Figure (3) compares the theoretical predictions
for (ns, r) to observations for N∗ = 60, different values of α and on varying ξ
from 10−12 to 1. The trajectories converge to (38) when ξ → 0 (or −αξ  1).
When ξ  1 and −αξ  1 then δ1 ' −4ξρ∗  1 and SR is not possible. One
can finally constraint the ratio −m2/MP2 through the observed amplitude of
the scalar perturbations and the expression (37).
5 RG Flow
We have discussed, in the Introduction, at least qualitatively the motivations
for restricting our analysis to a particular subset of scalar-tensor theories.
The request that the viable inflationary models of the form (1) lie on the
14
0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00
0.0
0.1
0.2
0.3
0.4
ns
r
↵ =  10 2
↵ =  1
↵ =  104
↵ =  10 1
(38)
(41)
(43)
Figure 3: In this Figure we plotted the numerical predictions for ns and r for
the symmetry breaking case with the field increasing toward the minimum
and different values of alpha. The four trajectories in each plot are obtained
on varying ξ and for α = −10−2 (solid line), α = −1 (dashed line), α = −10
(dotted line) and α = −104 (dot-dashed line). The contours in the (ns, r)
plot are the boundaries for the 68% and 95% confidence level regions obtained
from Planck 2015 TT+Low P data. The grey triangles represent the points
(38), (41) and (43) for N∗ = 60.
critical surface associated with the non trivial fixed point (4) is a relevant
constraint for model building. In order to verify if such a request is satisfied
for some specific expressions for U and V at some scale k one needs to study
its RG flow in the k → ∞ limit and verify that (4) is the limit of such a
flow. While the full set of equations which govern the RG flow are known (at
least within certain approximations) and are given by (2), (3), far from the
fixed point (away from the linear regime) the expressions for U and V are a
priori unknown. Then it is not an easy task to guess which models lie on the
critical surface far from the fixed point in order to check their compatibility
with inflationary observables. On the other hand for inflationary models near
the fixed point the shape of U and V is determined by the linearised flow
(7,8) and one can find the values of their parameters compatible with ob-
servations, given the expressions listed in the previous sections. Let us note
that one can generate models far from the fixed point on evolving with Eqs.
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Figure 4: In this Figure, 3 different regions are shown. The darker grey region
represents the set of (α, ξ) values leading to the theoretical predictions which
lie inside the darker grey region in the (ns, r) plane of Figure (1) (namely the
68% confidence level region). Similarly the lighter grey region corresponds
to the lighter grey part of the (ns, r) plane (namely the 95% confidence level
region) and finally the white area is that which leads to predictions outside
the 95% confidence level region. The dashed lines divide the parameters
space in 4 regions corresponding to different inflationary regimes. The black
band represents the subset of parameters corresponding to an evolution close
to the fixed point (4) for k ∼ φ∗.
(2), (3) the theories which lie close to it down to some infrared scale and then
check if the resulting theories are compatible with inflationary observations.
This last approach seems less appropriate as it needs analytical inflationary
predictions for a very general class of inflaton potentials and couplings to
gravity.
In this section our aim is to choose, among the inflationary models which sat-
isfy observational constraints, those lying on the critical surface close enough
to the fixed point. These models are by definition asymptotically safe. If in-
flation takes place in the linear regime close to (4) then the inflaton potential
and its non-minimal coupling are those studied in this paper where, from the
very beginning, the additional request of a negligible cosmological constant
16
at the end of inflation was used.
Inflationary observables constrain ξ, α and the ratio µ ≡ m2/MP while the
value of the scalar field (or equivalently ρ) during inflation can be calculated
from the equations of motion. Once the IR scale k, namely the energy scale
of inflation, is set and for a given choice of ξ, α compatible with observation
we are able to check if the selected model for inflation belongs to the critical
surface (or at least lies very close to it). The rescaled inflaton potential, v∗
and non-minimal coupling, u∗, can be rewritten in terms of dimensionless
quantities as
v∗ =
Λ
k4
+
MP
4
k4
µ
2ξρ∗
+
MP
4
k4
αµ
4ξρ2∗
(46)
and
u∗ =
1
2
MP
2
k2
(
1 +
1
ρ∗
)
(47)
where Λ/k4 is constrained by the potentials we are considering (Λ = 0 for
the symmetric case and Λ = µMP
4
4αξ
for the symmetry breaking case). The
ratio MP/k can be related to the identification of the infrared scale k. Such
an identification has been much discussed in the literature [8, 9]. Even if the
RG formalism has solid grounds for the limits k → ∞ and k → 0, it is not
clear how the dependence on k in between should be physically interpreted.
One is tempted to associate the IR scale with that of inflation. However in
scalar-tensor theories (in contrast with GR where the energy scale of inflation
is generally associated with V 1/4∗ ) this latter scale is not clearly defined.
In this section we shall consider two possibilities: first we shall associate
k with φ∗, then we shall consider the identification k ∼ H∗ which is more
common in a cosmological context. In the first case one has
φ2∗
k2
=
MP
2
ξρ∗k2
' 1⇒ MP
2
k2
' ξρ∗ (48)
while in the second case
H2∗
k2
=
v∗
3MP
2
k2
(
1 + 1
ρ∗
) ' 1⇒ MP2
k2
' v∗
3
(
1 + 1
ρ∗
) (49)
Different identifications are also possible. As a rule of thumb one may set
k to be close to one of the relevant mass scales in the model. However if
one chooses k ∼ V 1/4∗ or k ∼ U1/2∗ then the request that (v∗, u∗) be close to
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the fixed point (vFP , uFP ) cannot be satisfied since vFP and uFP are much
less than 1. In contrast with other (not so uncommon) approaches in the
literature [8, 9] we shall not consider any dynamical implication associated
with the above identification.
We already observed that, from the Eqs. (7,8), one can argue that the
linearisation procedure holds if
|vFP − v∗|  1 and
∣∣∣∣uFP − u∗uFP
∣∣∣∣ 1 (50)
and if such conditions are verified we can conclude that inflation takes place
in the linear regime. Let us note that technically we shall look for models
which verify the condition
|vFP − v∗| ≤ 10−2 and
∣∣∣∣uFP − u∗uFP
∣∣∣∣ ≤ 10−2 (51)
and we neglect the systematic uncertainty associated with the exact identi-
fication of the IR scale.
An alternative method of verifying the above statement consists of comparing
the r.h.s. of the Eqs. (2), (3) and that of the linearised Eqs. (7,8) evaluated
on the linear solution (14). The result of this comparison confirms that (50)
is indeed a correct assumption.
Let us finally conclude by observing that all the constraints imposed so far
(both from inflationary observables and from the theory) effect only dimen-
sionless quantities. In order for some energy scale to appear in our predic-
tions one needs to set the scale of some dimensional parameter in the theory.
For example the requirement that, at the end of inflation, when the scalar
field sits in the minimum of the potential φm, the effective Planck mass is
' 1019 GeV would allow one to reconstruct all the energy scales in terms of
it.
5.1 Symmetric case
In this case the following MP/k independent relation holds between v and u:
v∗ =
2µ
ξρ∗
(
1 + α
2ρ∗
)
(
1 + 1
ρ∗
)2u2∗. (52)
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Given the form of (47) we observe that u∗ ∼ uFP only for ξ small. In such a
case (on assuming N∗ = 60) the linearity condition for u constrains ξ ∼ 10−3
when αξ  1 and ξ ∼ 10−2 when αξ  1. In both cases v∗ satisfies the
condition (50) since µ  1. We conclude that on identifying k ∼ φ∗ and
imposing the linearity condition (50) we find a subset of asymptotically safe
inflationary models compatible with observations. These models predict a
tensor to scalar ratio r of the order of the SR parameters. In contrast IG
models with ξ large predict a much smaller r of the second order in SR.
On setting k ∼ H∗, from the Friedmann equation one has v∗ ∼ 6u∗ which in
principle allows for both v∗ and u∗ to satisfy the linearity conditions. However
for the symmetric case the relation (52) combined with v∗ ∼ 6u∗ leads to
u∗ ∼ 1
8pi2P(obs)R δ21
ξ (ρ∗ + 1)
2
ρ∗ + 1 + 6ξ
 1 (53)
and we cannot conclude that u∗ is O (uFP ).
In Figure (4) we plotted a relevant part of the parameter space and its com-
parison with observations. In the figure, obtained by randomly spanning the
parameter space and comparing the numerical outcome for (ns, r) to obser-
vations, three regions are shown - a darker grey region, a lighter grey region
and a white region - representing the choices of (α, ξ) which lead to a scalar
spectral index and a tensor to scalar ratio respectively inside the 68% or
inside the 95% or outside the 95% confidence level region of the (ns, r) plane
represented in Figure (1). The parameter space is divided by a dashed line
into 4 regions representing, on varying α and ξ the possible regimes for which
inflation takes place. The black band represents the subset of theories which
satisfy the linearity conditions (50) on setting k ∼ φ∗.
5.2 Symmetry breaking case
In this case the following MP/k independent relation holds between v∗ and
u∗:
v∗ =
µ
αξ
(ρ∗ + α)
2
(ρ∗ + 1)
2 u
2
∗ (54)
and on setting k ∼ φ∗ one finds that the linearity condition can be satisfied
for ξ small. In particular when −αξ  1 the linearity condition for u∗ takes
19
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Figure 5: In this Figure, 3 different regions are shown. The darker grey region
represents the set of (α, ξ) values leading to the theoretical predictions which
lie inside the darker grey region in the (ns, r) plane of Figure (2) (namely the
68% confidence level region). Similarly the lighter grey region corresponds
to the lighter grey part of the (ns, r) plane (namely the 95% confidence level
region) and finally the white area is that which leads to predictions outside
the 95% confidence level region. The dashed lines divide the parameters
space in 2 regions corresponding to different inflationary regimes. The black
band represents the subset of parameters corresponding to an evolution close
to the fixed point (4) for k ∼ φ∗.
the form
ξ
2
(1− α) ∼ uFP (55)
while for −αξ  1 (N∗ ∼ 60) and inflation occurring in the LF regime the
same condition is ξ ∼ 10−2. Correspondingly the linearity condition for v∗
is satisfied and we find a subset of asymptotically safe inflationary models
compatible with observations.
Conversely on setting k ∼ H∗ and combining the relation v∗ ∼ 6u∗ with (54)
one finds the result (53) which cannot satisfy the linearity condition since
u∗  1.
In Figure (5) we plotted a relevant part of the parameter space for the LF
20
case and its comparison with observations. Let us note that, in contrast
with the symmetric case, now the values of −α  1 are compatible with
observations for ξ  1. The parameter space is divided by a dashed line into
2 regions representing, on varying α and ξ, the possible regimes for which
inflation takes place. The black band represents the subset of theories which
satisfy the linearity conditions (50) on setting k ∼ φ∗.
In Figure (6) we plotted a relevant part of the parameter space for the SF
case and its comparison with observations. The Figure shows that ξ  1 is
necessary in order to fit observations. In particular when ξ  1, −α  1
there exists a subset of the parameter space with −αξ  1 within the 68%
confidence level region of the (ns, r) plane. The parameter space is divided
by a dashed line into 2 regions representing, on varying α and ξ, the possible
regimes for which inflation takes place. The black band represents the subset
of theories which satisfy the linearity conditions (50) on setting k ∼ φ∗. Let
us finally note that, similarly to the symmetric case with ξ  1, these models
predict a tensor to scalar ratio r of the order of the SR parameters.
6 Conclusions
In this article we studied how the theoretical constraints derived from AS
could impact on inflationary model building. Our analysis focussed on a
class inflationary models with a massive, self interacting scalar field non-
minimally coupled to the Ricci scalar. On the phenomenological side this
class of models can reproduce inflationary observations for a wide range of
their parameters but, from the theoretical point of view, their dynamics must
be tested against quantum corrections which, at planckian energy, can be
relevant. In the absence of an universally accepted theory of quantum gravity
which predicts the particle content of the very early universe and solves the
problems related to the quantisation of the gravitational interaction, the AS
scenario provides a valid alternative.
The set of theories lying on the critical surface associated with the fixed point
(4) are asymptotically safe and can be considered as candidates for inflation.
Instead of randomly generating inflationary models - by spanning the space
of initial conditions of the RG flow and then solving the non linear equations
(2), (3) - and checking, for each of them1, their compatibility with inflationary
1in order to compare theoretical predictions with observations one must work out the
analytical expressions for the observables for each different theory generated by the RG
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Figure 6: In this Figure, 3 different regions are shown. The darker grey region
represents the set of (α, ξ) values leading to the theoretical predictions which
lie inside the darker grey region in the (ns, r) plane of Figure (2) (namely the
68% confidence level region). Similarly the lighter grey region corresponds
to the lighter grey part of the (ns, r) plane (namely the 95% confidence level
region) and finally the white area is that which leads to predictions outside
the 95% confidence level region. The dashed lines divide the parameters
space in 2 regions corresponding to different inflationary regimes. The black
band represents the subset of parameters corresponding to an evolution close
to the fixed point (4) for k ∼ φ∗.
observables we adopted a more convenient and model independent approach.
We restricted our analysis to the class of theories (1) with V and U given
by (15), (16) [10]. The form of these functions is generated by the RG flow
in the linear approximation (close to the fixed point). Only a subset of
the parameter space leads to viable inflationary models. Then, on picking
the models closest to the fixed point and restricting the parameter space
accordingly, one finds an infinite set of the Asymptotically Safe inflationary
models.
Our approach leads to the very interesting results shown in the figures. Let
us note that the identification of the IR scale k plays an important role in
flow;
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constraining the space of theories and we found non trivial results on setting
k ∼ φ∗ where φ∗ is the value of the inflaton field during inflation. In such a
case AS puts severe constraints on the viable models. Even if observations do
not exclude inflationary setups with a large non minimal coupling, ξ, once the
requirement for AS is imposed, ξ turns to be small and, for some regimes,
close to 10−2 − 10−3 with a slight dependence on shape of the potential
parametrised by α. Let us note that Higgs inflation, having ξ  1, does
not belong to this set of theories. In general, on varying α it is possibile to
obtain viable inflation both in the IG and in the GR regimes. Finally let
us note that AS gives distinctive predictions for the tensor to scalar ratio
r: since ξ  1 the tensorial spectral index is comparable with a first order
SR parameter thus leading to r ' 10−2 − 10−1 but not too small as happens
for Higgs inflation or, more generally, when ξ  1. Different choices for the
identification of k lead to very different predictions. For example on setting
k ' H∗ it is not possibile to satisfy the condition (50). However obeying to
the linearity condition is a sufficient but not necessary condition to conclude
that some model is closer to the critical surface. Consequently the models
which do not satisfy the condition (50), and then lie far from the fixed point
(4), are not ruled out a priori and their position w.r.t the critical surface
must be checked by means of the full RG flow.
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